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Abstract
In the first part of this note, we introduce Tietze transformations for L-
presentations. These transformations enable us to generalize Tietze’s theorem
for finitely presented groups to invariantly finitely L-presented groups. More-
over, they allow us to prove that ‘being invariantly finitely L-presented’ is an
abstract property of a group which does not depend on the generating set.
In the second part of this note, we consider finitely generated normal sub-
groups of finitely presented groups. Benli proved that a finitely generated nor-
mal subgroup of a finitely presented group is invariantly finitely L-presented
whenever its quotient is infinite cyclic. We generalize this result to the case
where the finitely presented group splits over its finitely generated subgroup
and to the case where the quotient is abelian with torsion-free rank at most
two.
Keywords. Tietze transformations; infinite presentations; recursive presenta-
tions; self-similar groups.
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1 Introduction
Finite L-presentations are possibly infinite group presentations with finitely many
generators whose relations (up to finitely many exceptions) are obtained by iter-
atively applying finitely many substitutions to a finite set of relations; see [1] or
Section 2 for a definition. Various infinitely presented groups can be described by a
finite L-presentation. For example, the Grigorchuk group [6] and the Gupta-Sidki
group [9] are finitely L-presented [17, 19, 1, 2]. An L-presentation is invariant if
the substitutions, which generate the relations, induce endomorphisms of the group.
In fact, invariant finite L-presentations are finite presentations in the universe of
groups with operators [15, 18] in the sense that the operator domain of the group
generates the possibly infinitely many relations out of a finite set of relations. The
finite L-presentation for the Grigorchuk group in [17] is an example of an invariant
finite L-presentation [7].
Finite L-presentations allow computer algorithms to be applied in the investi-
gation of the groups they define. For instance, they allow one to compute the lower
central series quotients [2], to compute the Dwyer quotients of the group’s Schur
multiplier [10], to develop a coset enumerator for finite index subgroups [11], and
even the Reidemeister-Schreier theorem for finitely presented groups generalizes to
finitely L-presented groups [13]. For a survey on the application of computers in
the investigation of finitely L-presented groups, we refer to [12].
In the first part of this note, we introduce Tietze transformations for L-presen-
tations. These transformations allow us to generalize Tietze’s theorem for finitely
presented groups [20] to invariantly finitely L-presented groups:
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Theorem A Two invariant finite L-presentations define isomorphic groups if and
only if it is possible to pass from one L-presentation to the other by a finite sequence
of transformations.
If a group admits a finite presentation with respect to one generating set, then so it
does with respect to any other finite generating set [5, Chapter V]. This result for
finitely presented groups also generalizes to invariant finite L-presentations:
Theorem B (Bartholdi [1]) Being invariantly finitely L-presented is an abstract
property of a group which does not depend on the generating set.
Our proof of Theorem B fills a gap in the proof of [1, Proposition 2.2] because the
transformations in the latter proof are not sufficient; see Section 4 below.
In the second part of this note, in Section 5, we consider finitely generated nor-
mal subgroups of finitely presented groups. By Higman’s embedding theorem, every
finitely generated group embeds into a finitely presented group if and only if it is
recursively presented [14]. Since every finite L-presentation is recursive, finitely L-
presented groups therefore embed into finitely presented groups. As indicated in [4],
we prove that every group which admits an invariant finite L-presentation, where
each substitution induces an automorphism of the group, embeds as a normal sub-
group into a finitely presented group. On the other hand, the Reidemeister-Schreier
theorem for finitely L-presented groups in [13] shows that every normal subgroup
of a finitely presented group admits an invariant L-presentation where each substi-
tution induces an automorphism of the group; the obtained L-presentation is finite
if and only if the normal subgroup has finite index.
Finitely generated normal subgroups of finitely presented groups with infinite
index were considered in [4]: It was proved that a finitely generated normal subgroup
of a finitely presented group is invariantly finitely L-presented if its quotient is
infinite cyclic. Moreover, in [4, Remark (2)], Benli asked for a generalization of his
latter result and he posed the following problem:
Is it true that a finitely generated group embeds as a normal subgroup
into a finitely presented group if and only if it admits an invariant finite
L-presentation where each substitution induces an automorphism of the
group?
We generalize Benli’s constructions from [4] in order to prove the following
Theorem C Every finitely generated normal subgroup of a finitely presented group
is invariantly finitely L-presented if the group splits over its subgroup.
Since G splits over its subgroup H ✂G if G/H is a free group, Benli’s result in [4]
is a consequence of Theorem C. Moreover, our generalizations of the constructions
from [4] allows us to prove
Theorem D Every finitely generated normal subgroup of a finitely presented group
is invariantly finitely L-presented whenever the quotient is abelian with torsion-free
rank at most two.
Our constructions do not generalize further; see Remark 2.1.
2 Preliminaries
In this section, we recall the notion of an invariant finite L-presentation as intro-
duced in [1]. An L-presentation is a group presentation of the form〈
X
∣∣∣Q∪ ⋃
σ∈Φ∗
Rσ
〉
, (1)
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where X is an alphabet, Q and R are subsets of the free group F = F (X ) over
the alphabet X , and Φ∗ ⊆ End(F ) denotes the monoid of endomorphisms that is
generated by Φ. If the generators X , the fixed relations Q, the substitutions Φ,
and the iterated relations R have finite cardinality, the L-presentation in Eq. (1)
is a finite L-presentation. We also write 〈X | Q | Φ | R〉 for the L-presentation in
Eq. (1) and G = 〈X | Q | Φ | R〉 for the group it defines.
A group which admits a finite L-presentation is finitely L-presented. An L-
presentation of the form 〈X | ∅ | Φ | R〉 is ascending and an L-presentation
〈X | Q | Φ | R〉 is called invariant (and the group it defines is invariantly L-pre-
sented), if each substitution ϕ ∈ Φ induces an endomorphism of the group; i.e.,
if the normal subgroup 〈Q ∪
⋃
σ∈Φ∗ R
σ〉F ✂ F is ϕ-invariant. Each ascending L-
presentation is invariant and each invariant L-presentation 〈X | Q | Φ | R〉 admits
an ascending L-presentation 〈X | ∅ | Φ | Q ∪R〉 which defines the same group; see
Proposition 3.4. Even though invariant and ascending L-presentations are essen-
tially the same, we like to distinguish between these two objects. The finite L-
presentation in [17] for the group constructed by Grigorchuk [6] is not ascending
but it is easy to see that it is an invariant L-presentation; see, for instance, [7,
Corollary 4].
Remark 2.1 There are finite L-presentations that are not invariant.
Proof. The free product Z2 ∗ Z2 = 〈{a, b} | {a2, b2}〉 is finitely L-presented by
〈{a, b} | {a2} | {σ} | {b2}〉 where σ is induced by the map a 7→ ab and b 7→ b2. If this
L-presentation were invariant, the ascending L-presentation 〈{a, b} | ∅ | {σ} | {a2, b2}〉
would also define Z2 ∗Z2; see Proposition 3.4. In this case (a2)σ = abab is a relation
in the group and, since a2 = b2 = 1 holds, the generators a and b commute. There-
fore the ascending L-presentation defines a quotient of the 2-elementary abelian
group Z2 × Z2. In fact, it defines a finite group. Thus 〈{a, b} | ∅ | {σ} | {a2, b2}〉 is
not a finite L-presentation for Z2 ∗ Z2 and hence 〈{a, b} | {a2} | {σ2} | {b2}〉 is not
an invariant L-presentation. ✷
Note that this latter proof from [13] provides a ‘method’ to prove that a finite L-
presentation 〈X | Q | Φ | R〉 is invariant; namely, if the ascending L-presentation
〈X | ∅ | Φ | R ∪ Q〉 defines a group which is isomorphic to the first. In general,
we are not aware of a method which allows us to decide whether or not a finite
L-presentation is invariant — even if we assume that the L-presented group has a
solvable word problem.
Invariant finite L-presentations are ‘natural’ generalizations of finite presen-
tations because every finitely presented group 〈X | R〉 is invariantly finitely L-
presented by 〈X | ∅ | ∅ | R〉. However, invariant finite L-presentations have been
used to describe various examples of self-similar groups that are not finitely pre-
sented [17, 3]. For instance, the group G constructed by Grigorchuk in [6] is not
finitely presented [8] but it is invariantly finitely L-presented, see also [7]:
Theorem 2.2 (Lyse¨nok [17]) The Grigorchuk group is invariantly finitely L-pre-
sented by
〈
{a, b, c, d} | {a2, b2, c2, d2, bcd} | {σ} | {(ad)4, (adacac)4}
〉
where σ denotes
the endomorphism of the free group over {a, b, c, d} that is induced by the map
a 7→ aca, b 7→ d, c 7→ b, and d 7→ c.
It is easy to see (and it follows with our Tietze transformations below) that the
group G is also invariantly finitely L-presented by
G ∼=
〈
{a, c, d} | {a2, c2, d2, (cd)2} | {σ˜} | {(ad)4, (adacac)4}
〉
, (2)
where σ˜ is induced by the map a 7→ aca, c 7→ cd, and d 7→ c. Further examples
of invariantly finitely L-presented groups arise, for instance, as certain wreath-
products: In contrast to [1], Bartholdi noticed that the lamplighter group Z2 ≀ Z is
3
invariantly finitely L-presented by〈
{a, t}
∣∣ ∅ ∣∣ {δ} ∣∣ {a2, [a, at]}〉 ,
where δ is induced by the map a 7→ ata and t 7→ t. This recent result generalizes to
wreath products of the form H ≀ Z, where H is a finitely generated abelian group:
Proposition 2.3 If H is a finitely generated abelian group, the wreath product H ≀Z
is invariantly finitely L-presented.
Proof. Since H is finitely generated and abelian, it decomposes into a direct prod-
uct of cyclic groups; i.e., H has the form Zr1 × · · · × Zrn for r1, . . . , rn ∈ N ∪ {∞}
where Z∞ denotes the infinite cyclic group while Zri denotes the cyclic group of
order ri, otherwise. Then 〈X | {[x, y] | x, y ∈ X} ∪ {xrx | rx < ∞}〉 is a finite
presentation for H . The wreath product H ≀ Z admits the presentation
H ≀ Z ∼=
〈
X ∪ {t}
∣∣∣ {[x, y], xrx}x,y∈X ,rx<∞ ∪ {[x, yti ]}x,y∈X ,i∈N0〉 .
For each y ∈ X , define a substitution σy which is induced by the map
σy:


y 7→ yt y,
x 7→ x, for each x ∈ X \ {y},
t 7→ t.
For n ∈ N and x, y, z ∈ X with x 6= y and z 6= y, we obtain
[y, xt
n
]σy = [yty, xt
n
] = [y, xt
n−1
]ty · [y, xt
n
],
[x, yt
n
]σy = [x, yt
n+1
yt
n
] = [x, yt
n
] · [x, yt
n+1
]y
tn
,
[x, zt
n
]σy = [x, zt
n
],
[y, yt
n
]σy = [y, yt
n−1
]ty · [y, yt
n
]ty
tny · [y, yt
n
] · [y, yt
n+1
]y
tn
.
This shows that the relations {[x, yt
i
] | x, y ∈ X , i ∈ N} are consequences of the
iterated images {[x, yt]δ | δ ∈ {σy | y ∈ X}∗, x, y ∈ X} and vice versa. Moreover,
for each relation xrx of H ’s finite presentation, we have that (xrx)σy = xrx if x 6= y
and (yry )σy = (yty)ry =H≀Z (y
ry )t yry , otherwise. Thus these images are relations
of the wreath product H ≀ Z. In particular, the finite L-presentation〈
X ∪ {t}
∣∣ ∅ ∣∣ {σy}y∈X ∣∣ {[x, yt]}x,y∈X ∪ {xrx}x∈X ,rx<∞〉
is an invariant finite L-presentation for the wreath product H ≀ Z. ✷
Even though invariant finite L-presentations are known for numerous self-similar
groups, we are not aware of an invariant finite L-presentation for the Gupta-Sidki
group from [9]. Moreover, we are not aware of a finitely L-presented group which
is not invariantly finitely L-presented.
3 Tietze Transformations for L-Presentations
In this section, we introduce Tietze transformations for L-presentations. Let G =
〈X | Q | Φ | R〉 be an L-presented group. Denote by F the free group F (X ) over
the alphabet X and let K = 〈Q∪
⋃
σ∈Φ∗ R
σ〉F be the kernel of the free presentation
π:F → G. Then K = kerπ decomposes into the normal subgroups Q = 〈Q〉F and
R = 〈
⋃
σ∈Φ∗ R
σ〉F so that K = RQ = QR holds. The group F/R is invariantly
L-presented by 〈X | ∅ | Φ | R〉. We can add every element of the kernel K as a
fixed relation:
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Proposition 3.1 If G = 〈X | Q | Φ | R〉 is a (finitely) L-presented group and
S ⊆ 〈Q ∪
⋃
σ∈Φ∗ R
σ〉F is a (finite) subset, then 〈X | Q ∪ S | Φ | R〉 is a (finite)
L-presentation for G.
Proof. The proof follows with the Tietze transformation that adds consequences
S of G’s relations to the group presentation 〈X | Q ∪
⋃
σ∈Φ∗ R
σ〉. ✷
The transformation in Proposition 3.1 is reversible in the sense that we can re-
move fixed relations S from an L-presentation 〈X | Q ∪ S | Φ | R〉 if and only if
〈Q ∪ S ∪
⋃
σ∈Φ∗ R
σ〉F = 〈Q ∪
⋃
σ∈Φ∗ R
σ〉F holds. The following transformations
are reversible in the same sense.
If an L-presentation is not invariant (cf. Remark 2.1), there exist elements from
the kernel K of the free presentation π:F → G that we cannot add as iterated
relations without changing the isomorphism type of the group. However, even for
non-invariant L-presentations we have the following
Proposition 3.2 If G = 〈X | Q | Φ | R〉 is a (finitely) L-presented group and
S ⊆ 〈
⋃
σ∈Φ∗ R
σ〉F is a (finite) subset, then 〈X | Q | Φ | R ∪ S〉 is a (finite)
L-presentation for G.
Proof. By construction, the normal subgroup R = 〈
⋃
σ∈Φ∗ R
σ〉F is σ-invariant
for each σ ∈ Φ∗. More precisely, for each r ∈ R and σ ∈ Φ∗, we have rσ ∈ R.
Therefore, adding the (possibly infinitely many) relations {sσ | s ∈ S, σ ∈ Φ∗} to
the group presentation 〈X | Q ∪
⋃
σ∈Φ∗ R
σ〉 does not change the isomorphism type
of the group. ✷
Iterated and fixed relations of an L-presentation are related by the following
Proposition 3.3 If G = 〈X | Q | Φ | R〉 is a (finitely) L-presented group and
S ⊆ R holds, then 〈X | Q ∪ S | Φ | (R \ S) ∪ {rψ | r ∈ S, ψ ∈ Φ}〉 is a (finite)
L-presentation for G.
Proof. The proof follows immediately from
Q∪
⋃
σ∈Φ∗
Rσ = Q∪ S ∪
⋃
σ∈Φ∗
(
(R \ S) ∪ {rψ}r∈S,ψ∈Φ
)σ
;
these are the relations of G’s group presentation. ✷
The following proposition is a consequence of the definition of an invariant L-
presentation:
Proposition 3.4 If 〈X | Q | Φ | R〉 is an invariant (finite) L-presentation for the
group G and S ⊆ Q holds, then 〈X | Q \ S | Φ | R ∪ S〉 is a (finite) L-presentation
for G.
Proof. Since G is invariantly L-presented by 〈X | Q | Φ | R〉, each σ ∈ Φ induces
an endomorphism of the group G. Therefore, the images {qσ | q ∈ S, σ ∈ Φ∗} are
relations within G and so 〈X | (Q\S)∪
⋃
σ∈Φ∗(R∪S)
σ〉 is a presentation for G. ✷
The following proposition allows us to add generators together with fixed relations
to an L-presentation:
Proposition 3.5 Let G = 〈X | Q | Φ | R〉 be an L-presented group, Z be an
alphabet so that X ∩Z = ∅ holds, and, for each z ∈ Z, let wz ∈ F (X ) be given. For
each σ ∈ Φ, define an endomorphism of the free group E over the alphabet X ∪ Z
that is induced by the map
σ˜:
{
x 7→ xσ, for each x ∈ X ,
z 7→ gz, for each z ∈ Z,
(3)
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where gz are arbitrary elements of the free group E. Then G satisfies that
G ∼= 〈 X ∪ Z | Q ∪ {z−1wz}z∈Z | {σ˜}σ∈Φ | R 〉. (4)
If 〈X | Q | Φ | R〉 is a finite L-presentation and Z is a finite alphabet, the L-
presentation in Eq. (4) is finite.
Proof. Write H = 〈X ∪ Z | Q ∪ {z−1wz | z ∈ Z} | {σ˜ | σ ∈ Φ} | R〉 and let F
and E be the free groups over X and X ∪ Z, respectively. To avoid confusion, the
elements of G’s presentation are denoted by g ∈ F . Then
π:
{
x 7→ x, for each x ∈ X ,
z 7→ wz, for each z ∈ Z,
induces a surjective homomorphism π:E → F . By construction, the restriction
of the substitution σ˜ to the free group F coincides with σ. Thus
(⋃
σ∈ΦR
σ˜
)π
=⋃
σ∈Φ∗ R
σ and hence, π maps iterated relations of H ’s L-presentation to iterated
relations of G. Similarly, π maps the fixed relations Q of H ’s L-presentation to
fixed relations of G. It remains to consider the relations of the form z−1wz with
z ∈ Z. However, these relations are mapped trivially by π. This shows that the
homomorphism π:E → F induces a surjective homomorphism π˜:H → G. On the
other hand, identifying the generators of G’s L-presentation with the generators of
H induces a surjective homomorphism ϕ:G → H with ϕπ˜ = idH and π˜ϕ = idG.
Hence, the groups G and H are isomorphic. The second assertion is obvious. ✷
We can also add the relations {z−1wz | z ∈ Z} in Proposition 3.5 as iterated
relations to the L-presentation if we define the substitutions σ˜ as follows:
Proposition 3.6 Let G = 〈X | Q | Φ | R〉 be an L-presented group, Z be an
alphabet so that X ∩Z = ∅ holds, and, for each z ∈ Z, let wz ∈ F (X ) be given. For
each σ ∈ Φ, define an endomorphism of the free group E over the alphabet X ∪ Z
that is induced by the map
σ˜:
{
x 7→ xσ, for each x ∈ X ,
z 7→ wσz , for each z ∈ Z.
(5)
Then G satisfies that
G ∼= 〈 X ∪ Z | Q | {σ˜}σ∈Φ | R ∪ {z
−1wz}z∈Z 〉. (6)
If 〈X | Q | Φ | R〉 is a finite L-presentation and Z is a finite alphabet, the L-
presentation in Eq. (6) is finite.
Proof. The substitutions σ˜ in Eq. (5) are well-defined because wz ∈ F (X ) and
σ ∈ End(F (X )) hold. By Proposition 3.3, we have that〈
X ∪ Z
∣∣ Q ∣∣ {σ˜}σ∈Φ ∣∣ R∪ {z−1wz}z∈Z〉
=
〈
X ∪ Z
∣∣ Q∪ {z−1wz}z∈Z ∣∣ {σ˜}σ∈Φ ∣∣ R∪ {(z−1wz)σ˜}z∈Z,σ∈Φ〉 .
By definition of σ˜ in Eq. (5), we have (z−1)σ˜ = (wσz )
−1 and wσ˜z = w
σ
z . Thus
(z−1 wz)
σ˜ = (wσz )
−1wσz = 1 holds. In particular, adding the relations {(z
−1wz)
σ˜ |
z ∈ Z, σ ∈ Φ} to a group presentation does not change the isomorphism type of the
group. By Proposition 3.5, we have that
G = 〈X | Q | Φ | R〉
∼=
〈
X ∪ Z
∣∣ Q∪ {z−1wz}z∈Z ∣∣ {σ˜}σ∈Φ ∣∣ R〉
=
〈
X ∪ Z
∣∣ Q∪ {z−1wz}z∈Z ∣∣ {σ˜}σ∈Φ ∣∣ R∪ {(z−1wz)σ˜}z∈Z,σ∈Φ〉
=
〈
X ∪ Z
∣∣ Q ∣∣ {σ˜}σ∈Φ ∣∣ R∪ {z−1wz}z∈Z〉 ;
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which proves the first assertion of Proposition 3.6 while the second is obvious. ✷
The following proposition allows us to modify the substitutions of an L-presentation:
Proposition 3.7 If G = 〈X | Q | Φ | R〉 is a (finitely) L-presented group and
Ψ ⊆ Φ holds, then 〈X | Q | (Φ \ Ψ) ∪ {σψ | ψ ∈ Ψ, σ ∈ Φ} | R ∪
⋃
ψ∈ΨR
ψ〉 is a
(finite) L-presentation for G.
Proof. The proof follows immediately from
Q∪
⋃
σ∈Φ∗
Rσ = Q∪
⋃
σ∈Φ̂∗
(
R∪
⋃
ψ∈Ψ
Rψ
)σ
where Φ̂ = (Φ \ Ψ) ∪ {σψ | ψ ∈ Ψ, σ ∈ Φ}; these are the relations of G’s group
presentation. ✷
Since each relation of a group presentation can be replaced by a conjugate, we can
modify the substitutions of an L-presentation as follows:
Proposition 3.8 Let G = 〈X | Q | Φ | R〉 be a (finitely) L-presented group, S ⊆ F
be a (finite) subset, and let Ψ ⊆ Φ be given. For each x ∈ S, denote by δx the inner
automorphism of the free group F (X ) that is induced by conjugation with x. Then
• 〈X | Q | Φ ∪ {δx | x ∈ S} | R〉,
• 〈X | Q | (Φ \Ψ) ∪ {δxσ | x ∈ S, σ ∈ Ψ} | R〉, and
• 〈X | Q | (Φ \Ψ) ∪ {σδx | x ∈ S, σ ∈ Ψ} | R〉
are (finite) L-presentations for G.
Proof. This follows because each relation of a group presentation can be replaced
by a conjugate and we have δxσ = σδxσ for each σ ∈ Φ∗ and x ∈ X . ✷
Recall that the kernel K = 〈Q ∪
⋃
σ∈Φ∗ R
σ〉F of the free presentation π:F → G
decomposes into the normal subgroups Q = 〈Q〉F and R = 〈
⋃
σ∈Φ∗ R
σ〉F so that
K = QR = RQ holds. This decomposition yields the following
Proposition 3.9 Let G = 〈X | Q | Φ | R〉 be a (finitely) L-presented group and let
Ψ ⊆ End(F (X )) be a (finite) subset. If each ψ ∈ Ψ induces an endomorphism of
F (X )/R, then 〈X | Q | Φ ∪Ψ | R〉 is a (finite) L-presentation for G.
Proof. If ψ ∈ Ψ induces an endomorphism of F (X )/R, the normal subgroup R is
ψ-invariant. Therefore, each image rσ ∈ F (X ), with σ ∈ (Φ ∪Ψ)∗ \ Φ∗ and r ∈ R,
is a relation of the group. Adding these (possibly infinitely many) relations to the
group presentation does not change the isomorphism type of the group. ✷
For an invariant L-presentation, we even have the following
Proposition 3.10 Let G = 〈X | Q | Φ | R〉 be a (finitely) L-presented group and let
Ψ ⊆ End(F (X )) be a (finite) subset. Then 〈X | Q | Φ ∪Ψ | R〉 is a (finite) L-pre-
sentation for G if and only if each ψ ∈ Ψ induces an endomorphism of G.
Proof. LetK = 〈Q∪
⋃
σ∈Φ∗ R
σ〉F be the kernel of the free presentation π:F (X )→
G. If each ψ ∈ Ψ induces an endomorphism of F (X )/K, Proposition 3.9 shows the
first assertion. If, on the other hand, the invariant L-presentations 〈X | Q | Φ | R〉
and 〈X | Q | Φ ∪Ψ | R〉 are L-presentations for G, each ψ ∈ Ψ induces an endo-
morphism of G = F (X )/K. ✷
Every substitution σ ∈ Φ of an invariant L-presentation G = 〈X | Q | Φ | R〉
induces an endomorphism of G. However, there are possibly other endomorphisms
of the free group F (X ) that will induce the same endomorphism on G. The following
proposition allows us to modify a given substitution of an L-presentation:
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Proposition 3.11 Let G = 〈X | Q | Φ | R〉 be a (finitely) L-presented group,
S ⊆ 〈
⋃
ϕ∈Φ∗ R
ϕ〉F be a (finite) subset, and let σ ∈ Φ be given. Define an endomor-
phism σ˜ of the free group F = F (X ) over the alphabet X that is induced by the map
σ˜:x 7→ xσ rx for each x ∈ X and some rx ∈ S. Then 〈X | Q | (Φ\{σ})∪{σ˜} | R∪S〉
is a (finite) L-presentation for G.
Proof. We work in the free group F = F (X ) over the alphabet X and we de-
compose the kernel K = 〈Q ∪
⋃
ϕ∈Φ∗ R
ϕ〉F of the free presentation π:F → G
into the normal subgroups Q = 〈Q〉F and R = 〈
⋃
ϕ∈Φ∗ R
ϕ〉F as above. Since
S ⊆ 〈
⋃
ϕ∈Φ∗ R
ϕ〉F holds, Proposition 3.2 yields that G = 〈X | Q | Φ | R〉 =
〈X | Q | Φ | R ∪ S〉. In particular, we have that R = 〈
⋃
ϕ∈Φ∗(R ∪ S)
ϕ〉F . Write
Ψ = (Φ \ {σ}) ∪ {σ˜}. We prove this proposition by showing that the normal sub-
groups R = 〈
⋃
ϕ∈Φ∗(R ∪ S)
ϕ〉F and R˜ = 〈
⋃
ϕ∈Ψ∗(R ∪ S)
ϕ〉F coincide. For this
purpose, we prove that, for each δ˜ ∈ Ψ∗ and g ∈ F , there exists δ ∈ Φ∗ and
h ∈ L = 〈
⋃
ϕ∈Φ∗ S
ϕ〉F so that gδ˜ = gδh holds. By construction, we have that
L ⊆ R. By symmetry (as we have both xσ˜ = xσrx and xσ = xσ˜r−1x ) the same
arguments will show that, for each δ ∈ Φ∗ and g ∈ F , there exists δ˜ ∈ Ψ∗ and
h ∈ L˜ = 〈
⋃
ϕ∈Ψ∗ S
ϕ〉F so that gδ = gδ˜h holds. This would yield that each normal
generator sδ˜ ∈ R˜, with s ∈ R ∪ S and δ˜ ∈ Ψ∗, can be written as sδ˜ = sδh for
some δ ∈ Φ∗ and h ∈ L ⊆ R. In fact, sδ˜ ∈ R˜ satisfies that sδ˜ = sδh ∈ R and thus
R˜ ⊆ R. By symmetry, we would also obtain that R ⊆ R˜ holds. This clearly proves
Proposition 3.11.
It therefore remains to prove that, for each δ˜ ∈ Ψ∗ and g ∈ F , there exists
δ ∈ Φ∗ and h ∈ L so that gδ˜ = gδh holds. Each g ∈ F is represented by a finite
word wg(xi1 , . . . , xin) over finitely many generators {xi1 , . . . , xin} ⊆ X . Let δ˜ ∈ Ψ
∗
and g ∈ F be given. We prove the assertion by induction on m = ‖δ˜‖. If m = 1,
then δ˜ ∈ Ψ. Moreover, we either have δ˜ = σ˜ or δ˜ 6= σ˜. If δ˜ 6= σ˜ holds, then δ˜ ∈ Φ
and thus gδ˜ = gδh for some δ ∈ Φ and h ∈ L. Otherwise, if δ˜ = σ˜ holds, we obtain
that
gσ˜ = wg(xi1 , . . . , xin)
σ˜ = wg(x
σ˜
i1
, . . . , xσ˜in) = wg(x
σ
i1
rxi1 , . . . , x
σ
in
rxin ).
Conjugation in the free group F yields that the word wg(x
σ
i1
rxi1 , . . . , x
σ
in
rxin ) can
be written as wg(x
σ
i1
, . . . , xσin) · h for some h ∈ 〈S〉
F . Thus gσ˜ = gσ · h for some
σ ∈ Φ and h ∈ 〈S〉F ⊆ L.
For an integer m > 1, assume that, for every g ∈ F and δ˜ ∈ Ψ∗, with ‖δ˜‖ = m,
the image gδ˜ ∈ R˜ satisfies that gδ˜ = gδh for δ ∈ Φ∗ and some h ∈ L. Let g ∈ F
and δ˜ ∈ Ψ∗, with ‖δ˜‖ = m + 1, be given. Then there exist ω˜ ∈ Ψ and γ˜ ∈ Ψ∗,
with ‖γ˜‖ = n, so that δ˜ = γ˜ ω˜ holds. By our assumption, there exist γ ∈ Φ∗
and h ∈ L so that gγ˜ = gγh holds. Thus gδ˜ = gγ˜ ω˜ = (gγh)ω˜. If ω˜ 6= σ˜ holds,
then ω˜ ∈ Φ and thus γω˜ ∈ Φ∗. Moreover, by construction, the normal subgroups
L = 〈
⋃
ϕ∈Φ∗ S
ϕ〉F and L˜ = 〈
⋃
ϕ∈Ψ∗ S
ϕ〉F are Φ∗- and Ψ∗-invariant, respectively.
Thus hω˜ ∈ L if ω˜ 6= σ˜. Therefore, the image gδ˜ satisfies that gδ˜ = gγω˜hω˜ for some
γω˜ ∈ Φ∗ and hω˜ ∈ L. It suffices to consider the case ω˜ = σ˜. The elements gγ ∈ F
and h ∈ F are represented by finite words wgγ (xj1 , . . . , xjn) and wh(xk1 , . . . , xkℓ),
respectively. Again, conjugation in the free group F yields that wgγ (xj1 , . . . , xjn)
σ˜ =
wgγ (x
σ
j1
, . . . , xσjn)u and wh(xk1 , . . . , xkℓ)
σ˜ = wh(x
σ
k1
, . . . , xσkℓ) v with u, v ∈ 〈S〉
F .
Thus gδ˜ = gγ˜σ˜ = (gγh)σ˜ = (gγσu) (hσ v). In fact, we have that gδ˜ = gγσ h′ with
γσ ∈ Φ∗ and h′ = uhσv ∈ L. Thus, for every g ∈ F and δ˜ ∈ Ψ∗, the image gδ˜
satisfies that gδ˜ = gδh with δ ∈ Φ∗ and h ∈ L. By symmetry, as we have both
xσ˜ = xσ rx and x
σ = xσ˜ r−1x , the same arguments will prove that for each g ∈ F and
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δ ∈ Φ∗ the image gδ satisfies that gδ = gδ˜h with δ˜ ∈ Ψ∗ and h ∈ L˜ = 〈
⋃
ϕ∈Ψ∗ S
ϕ〉F .
This finishes our proof of Proposition 3.11. ✷
As a consequence of Proposition 3.11, we obtain the following
Corollary 3.12 Let G = 〈X | Q | Φ | R〉 be a finitely L-presented group and let
σ ∈ Φ be given. Then σ induces an endomorphism of the invariantly finitely L-
presented group H = 〈X | ∅ | Φ | R〉. If ψ ∈ End(F (X )) and σ induce the
same endomorphism on H, then there exists a finite subset S ⊆ F (X ) so that
〈X | Q | (Φ \ {σ}) ∪ {ψ} | R ∪ S〉 is a finite L-presentation for G.
Proof. If σ and ψ induce the same endomorphism of H , there exists, for each
x ∈ X , an element rx ∈ 〈
⋃
σ∈Φ∗ R
σ〉F with xψ = xσrx. Write S = {rx | x ∈ X}.
Then Proposition 3.11 yields that G = 〈X | Q | (Φ \ {σ}) ∪ {ψ} | R ∪ S〉. ✷
The transformations introduced above allow us to modify a given L-presentation
of a group. In order to prove Tietze’s theorem for invariantly finitely L-presented
groups, we choose the following set of transformations:
Definition 3.13 An L-Tietze transformation is a transformation that
(i) adds or removes a single fixed relation (Proposition 3.1),
(ii) adds or removes a single iterated relation (Proposition 3.2),
(iii) adds or removes a single substitution (Proposition 3.9),
(iv) adds or removes a generator together with a fixed relation (Proposition 3.5),
(v) adds or removes a generator together with an iterated relation (Proposition 3.6),
or that
(vi) modifies a given substitution of an L-presentation (Proposition 3.11).
4 Applications of Tietze Transformations
The transformations introduced in Section 3 allow us to prove Theorem A:
Proof of Theorem A. We use similar ideas as in the proof of Tietze’s theorem in [16,
Chapter II]: As each L-Tietze transformation does not change the isomorphism
type of the group, two finite L-presentations define isomorphic groups if one L-
presentation can be transformed into the other by a finite sequence of L-Tietze
transformations. In order to prove Theorem A, it suffices to prove that two invariant
finite L-presentations which define isomorphic groups can be transformed into each
other by a finite sequence of L-Tietze transformations. For this purpose, we consider
two invariant finite L-presentations 〈X1 | Q1 | Φ1 | R1〉 and 〈X2 | Q2 | Φ2 | R2〉 of a
group G. By Proposition 3.4, we can assume that both Q1 = ∅ and Q2 = ∅ hold.
We will construct an invariant finite L-presentation for G which can be obtained
from both L-presentations by a finite sequence of L-Tietze transformations. Because
each L-Tietze transformation is reversible, this shows that we can pass from one
L-presentation to the other by a finite sequence of L-Tietze transformations.
Suppose that X1 ∩ X2 = ∅ holds. For i ∈ {1, 2}, we denote by Fi = F (Xi) the
free group over the alphabet Xi and by πi:Fi → G the free presentation with kernel
ker(πi) = 〈
⋃
σ∈Φ∗i
Rσi 〉
Fi . For each x ∈ X1, we choose wx ∈ F2 with xπ1 = wπ2x ;
i.e., the element wx ∈ F2 is a π2-preimage of xπ1 ∈ G. For each z ∈ X2, we
choose wz ∈ F1 with zπ2 = wπ1z . Define the subsets S1 = {x
−1wx | x ∈ X1} and
S2 = {z−1wz | z ∈ X2} of the free group F = F (X1∪X2) over the alphabet X1∪X2.
By Proposition 3.6, we can add the finitely many generators z ∈ X2 together with
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the iterated relation z−1wz ∈ S2 if we extend each substitution σ ∈ Φ1 to the free
group F by
σ˜:
{
x 7→ xσ, for each x ∈ X1,
z 7→ wσz , for each z ∈ X2.
This yields the finite L-presentation
〈 X1 ∪ X2 | ∅ | {σ˜}σ∈Φ1 | R1 ∪ {z
−1wz}z∈X2 〉
for the group G. The natural homomorphisms π1:F1 → G and π2:F2 → G extend
to a natural homomorphism π:F → G that is induced by the map
π:
{
x 7→ xπ1 , for each x ∈ X1,
z 7→ zπ2 , for each z ∈ X2.
Its kernel satisfies ker(π) = 〈
⋃
σ∈Φ∗
1
(R1 ∪ S2)σ˜〉F . For x ∈ X1 and x−1wx ∈ S1,
we have xπ = xπ1 = wπ2x = w
π
x and thus x
−1wx ∈ ker(π) holds. For each r ∈ R2,
we have rπ = rπ2 = 1 and thus r ∈ ker(π) holds. Since the kernel ker(π) is
{σ˜ | σ ∈ Φ1}∗-invariant, by construction, Proposition 3.2 yields that
G ∼= 〈 X1 ∪ X2 | ∅ | {σ˜}σ∈Φ1 | R1 ∪R2 ∪ S1 ∪ S2 〉 .
As the invariant finite L-presentations 〈X1 | ∅ | Φ1 | R1〉 and 〈X2 | ∅ | Φ2 | R2〉
define isomorphic groups and every ψ ∈ Φ2 induces an endomorphism of the whole
group, we can extend ψ to an endomorphism of the free group F over the alphabet
X1 ∪ X2 that induces the same endomorphism on G as ψ does. More precisely, for
each ψ ∈ Φ2, we define an endomorphism of the free group F that is induced by
the map
ψ˜:
{
z 7→ zψ, for each z ∈ X2
x 7→ wψx , for each x ∈ X1 and x
−1wx ∈ S1.
By construction, the normal subgroup 〈
⋃
σ∈Φ∗
1
(R1∪R2∪S1∪S2)σ˜〉F is ψ˜-invariant.
Thus, by Proposition 3.9, the group G satisfies that
G ∼=
〈
X1 ∪ X2
∣∣∣ ∅ ∣∣∣ {σ˜}σ∈Φ1 ∪ {ψ˜}ψ∈Φ2 ∣∣∣ R1 ∪R2 ∪ S1 ∪ S2〉 . (7)
Since the L-presentations 〈X1 | Q1 | Φ1 | R1〉 and 〈X2 | Q2 | Φ2 | R2〉 were finite,
we have applied only finitely many L-Tietze transformations from Definition 3.13.
Therefore, starting with the L-presentation 〈X1 | Q1 | Φ1 | R1〉 we have obtained
the L-presentation in Eq. (7) after finitely many steps. By symmetry, though, we
would also obtain the finite L-presentation in Eq. (7) if we would have started with
the finite L-presentation 〈X2 | Q2 | Φ2 | R2〉. Since each L-Tietze transformation
is reversible, we can therefore transform the finite L-presentation in Eq.(7) to the
finite L-presentation 〈X2 | Q2 | Φ2 | R2〉. This yields a finite sequence of L-Tietze
transformations that allows us to transform the L-presentation 〈X1 | Q1 | Φ1 | R1〉
to the L-presentation 〈X2 | Q2 | Φ2 | R2〉 and vice versa. ✷
Similarly, the Tietze transformations in Section 3 also allow us to prove that two
arbitrary finite L-presentations could be transformed into each other by a finite
sequence of Tietze transformations.
Another application of L-Tietze transformations is to prove that ‘being invari-
antly finitely L-presented’ is an abstract property of a group that does not depend
on the generating set of the group; that is, if a group admits an invariant finite L-
presentation with respect to one finite generating set, then so it does with respect to
any other finite generating set. This result was already posed in [1, Proposition 2.2].
However, its proof contains a gap: Consider the invariant finite L-presentation
G ∼= 〈{a, b, c, d} | {a2, b2, c2, d2, bcd} | {σ} | {(ad)4, (adacac)4}〉
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from Theorem 2.2, where σ is induced by the map a 7→ aca, b 7→ d, c 7→ b, and
d 7→ c. Then σ is a monomorphism of the free group F = F ({a, b, c, d}). The
transformations in the proof of [1, Proposition 2.2] keep the rank of im(σ) constant
and therefore, they do not allow to prove that the Grigorchuk group admits an
invariant finite L-presentation with generators {a, c, d} as in Eq. (2). The L-Tietze
transformations from Section 3 allow us to address this gap:
Proof of Theorem B. Let Y = {y1, . . . , yn} be an arbitrary finite generating set
of the invariantly finitely L-presented group G = 〈X | Q | Φ | R〉. As G is
invariantly L-presented, we can assume that Q = ∅ holds. Since Y generates G,
there exists, for each x ∈ X , a word wx(y1, . . . , yn) over the generators Y so that
x =G wx(y1, . . . , yn) holds. Since X = {x1, . . . , xm} also generates G, there exists,
for each y ∈ Y, a word wy(x1, . . . , xm) so that y =G wy(x1, . . . , xm) holds. Suppose
that X ∩Y = ∅ holds. For each σ ∈ Φ, define an endomorphism σ˜ of the free group
E over the alphabet X ∪ Y that is induced by the map
σ˜:
{
x 7→ xσ, for each x ∈ X ,
y 7→ wy(x1, . . . , xm)σ, for each y ∈ Y.
Then, by Proposition 3.6, a finite L-presentation for the group G is given by
〈X ∪ Y | ∅ | {σ˜}σ∈Φ | R ∪ {y
−1wy(x1, . . . , xm)}y∈Y〉.
As this L-presentation is invariant, every σ˜, with σ ∈ Φ, induces an endomorphism
of the group G. Thus, as x =G wx(y1, . . . , yn) holds, we have x
σ˜ =G wx(y1, . . . , yn)
σ˜
for each σ ∈ Φ∗. By Proposition 3.2, we have that
G ∼= 〈X ∪ Y | ∅ | {σ˜}σ∈Φ | R ∪ {y
−1wy}y∈Y ∪ {x
−1wx}x∈X 〉. (8)
Since Y generates H , for each z ∈ X ∪ Y and σ ∈ Φ, the image zσ˜ is represented
by a word vz,σ(y1, . . . , yn) over the generators Y so that zσ˜ =G vz,σ(y1, . . . , yn)
holds. Since the L-presentation in Eq. (8) is invariant, Proposition 3.11 applies to
the relation r = (zσ˜)−1vz,σ(y1, . . . , yn) and it shows that G admits the following
finite L-presentation
〈X ∪ Y | ∅ | {σ̂}σ∈Φ | R ∪ {x
−1wx}x∈X ∪ {y
−1wy}y∈Y ∪ {(z
σ˜)−1vz,σ}z∈X∪Y,σ∈Φ〉
where the substitutions σ̂ are induced by the maps
σ̂: z 7→ vz,σ(y1, . . . , yn), for each z ∈ X ∪ Y.
We use the iterated relations x−1wx(y1, . . . , yn), with x ∈ X , to replace every
occurrence of x ∈ X among the iterated relations
R∪ {y−1wy(x1, . . . , xm)}y∈Y ∪ {(z
σ˜)−1vz,σ(y1, . . . , yn)}z∈X∪Y,σ∈Φ (9)
by wx(y1, . . . , yn). This yields a finite set of relations S˜ that can be considered as a
finite subset of the free group over the alphabet Y. Replacing the relations in Eq. (9)
by S˜ does not change the isomorphism type of the group. The group G satisfies
that G ∼= 〈X ∪ Y | ∅ | {σ̂ | σ ∈ Φ} | S˜ ∪ {x−1wx | x ∈ X}〉. By Proposition 3.6, the
group G is invariantly finitely L-presented by 〈Y | ∅ | {σ̂}σ∈Φ | S˜〉. ✷
5 Finitely generated normal subgroups of finitely
presented groups
In this section, we consider finitely generated normal subgroups of finitely presented
groups. By Higman’s embedding theorem [14], every finitely generated group em-
beds into a finitely presented group if and only if it is recursively presented. This
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theorem classifies the finitely generated subgroups of a finitely presented group.
The normal subgroups of a finitely presented group are invariantly L-presented:
Proposition 5.1 Every normal subgroup of a finitely presented group admits an
invariant L-presentation whose substitutions induce automorphisms of the subgroup.
If the normal subgroup has finite index, it is invariantly finitely L-presented.
Proof. This follows from the proof of [13, Theorem 6.1]; cf. Lemma 5.3 below. ✷
The L-presentation in Lemma 5.3 below is an ascending L-presentation with finitely
many substitutions and finitely many iterated relations. It has finitely many gen-
erators if and only if the subgroup has finite index. The substitutions of this
L-presentation induce automorphisms of the subgroup since they are induced by
conjugation in the finitely presented group.
On the other hand, as every finite L-presentation is recursive, finitely L-presented
groups embed into finitely presented groups. As indicated in [4], a finitely L-
presented group embeds as a normal subgroup into a finitely presented group if
we assume that every substitution of the L-presentation induces an automorphism
of the subgroup:
Proposition 5.2 Every group that admits an invariant finite L-presentation, whose
substitutions induce automorphisms of the group, embeds as a normal subgroup into
a finitely presented group.
Proof. If H = 〈Z | ∅ | {δ1, . . . , δn} | R〉 is invariantly finitely L-presented so
that each δi induces an automorphism of H , the base group H embeds into the
HNN-extension G1 relative to the isomorphism δ1:H → H which is induced by the
substitution δ1. The HNN-extension G1 is given by the presentationG1 = 〈Z∪{t1} |⋃
σ∈Φ∗ R
σ ∪ {t−11 zt1 = z
δ1 | z ∈ Z}〉 where Φ = {δ1, . . . , δn}. Denote by H1 the
image of H in G1. Then δ2 induces an automorphism of the subgroup H1 ≤ G1.
Thus we can form the HNN-extension G2 relative to the isomorphism δ2:H1 → H1.
As the base group G1 embeds into the HNN-extension G2, the subgroup H1 embeds
into G2 as well. Iterating this process, we obtain a group Gn = 〈Z ∪ {t1, . . . , tn} |⋃
σ∈Φ∗ R
σ∪{t−1i zti = z
δi | 1 ≤ i ≤ n}〉 in which H embeds. Tietze transformations
that replace every δi-image z
δi by the conjugate t−1i zti in the relations
⋃
σ∈Φ∗ R
σ
eventually show that Gn = 〈Z ∪{t1, . . . , tn} | R∪{t
−1
i zti = z
δi | 1 ≤ i ≤ n, z ∈ Z}〉
is finitely presented. The invariantly finitely L-presented group H embeds into this
finitely presented group by identifying the generator in Z. The image of H in Gn
is obviously a normal subgroup of Gn. ✷
In the following, we use the constructions from [4] to prove Theorem C. Since every
normal subgroup of a finitely presented group admits an invariant L-presentation
with finitely many substitutions and finitely many iterated relations, it suffices
to show that the L-presentation in Lemma 5.3 below could be transformed into
an invariant finite L-presentation. For this purpose, though, we need to eliminate
(possibly) infinitely many generators from the L-presentation and we need to modify
finitely many substitutions. However, Proposition 3.11 adds iterated relations for
each modification of a substitution. Hence, we need to ensure that this process
still gives a finite L-presentation. In the following, we generalize the constructions
from [4]:
5.1 Preliminaries
Let G be a finitely presented group and letH✂G be a finitely generated normal sub-
group. Then G/H is finitely presented. Moreover, if H = 〈a1, . . . , am〉 and G/H =
〈s1H, . . . , snH〉 hold, there exists a finite presentation 〈 {a1, . . . , am, s1, . . . , sn} | R 〉
for G. The proof of [13, Theorem 6.1] yields the following
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Lemma 5.3 Let 〈 {a1, . . . , am, s1, . . . , sn} | R 〉 be a finite presentation for G and
write S = {s±11 , . . . , s
±1
n }. If T is a Schreier transversal for H = 〈a1, . . . , am〉 in G
and Y are the Schreier generators of H, then H is invariantly L-presented by
〈Y | ∅ | {δx | x ∈ S} | R
τ 〉
where δx denotes the endomorphism of the free group F (Y) that is induced by con-
jugation with x ∈ S and τ denotes the Reidemeister-rewriting.
Proof. This follows from the Reidemeister-Schreier theorem, see [16, Section II.4]
and the proof of [13, Theorem 6.1]. Clearly, one can always omit the endomorphisms
δx with x ∈ {a1, . . . , am} as they give inner automorphisms of the subgroup H . ✷
Since S and R are finite, the L-presentation in Lemma 5.3 is finite if and only if H
has finite index in G; in this case Y is finite. Finite index subgroups of finitely L-
presented groups have been studied in [13]. It was shown that each normal subgroup
of a finitely presented group with finite index is invariantly finitely L-presented. In
the following, we therefore assume that [G : H ] =∞ holds.
The strategy in the proof of Theorem C will be as follows: Our choice of the
generating set of the finitely presented group allows us to assume thatH ’s generators
Z = {a1, . . . , am} are Schreier generators of H . We therefore obtain an embedding
χ:F (Z) → F (Y) and we will construct an epimorphism γ:F (Y) → F (Z) so that
the free presentation π:F (Y)→ H that is given by the L-presentation in Lemma 5.3
satisfies γχπ = π. Since the L-presentation in Lemma 5.3 is invariant, there exists,
for each σ ∈ Φ = {δx | x ∈ S}, an endomorphism σ̂ ∈ End(H) so that σπ =
πσ̂ holds. In general, we cannot assume that there also exists an endomorphism
σ˜ ∈ End(F (Z)) so that σγ = γσ˜ holds. Therefore, we will construct a normal
subgroup N ✂ F (Z) so that ψ:F (Z) → F (Z)/N, g 7→ gN yields the existence of
σ¯ ∈ End(F (Z)/N) with σγψ = γψσ¯. These constructions will give the following
commutative diagram:
F (Z)
ψ //
χπ

F (Z)/N
zztt
t
t
t
t
t
t
t
t
δ¯x

F (Y)
δx
WW
γ
;;
✇
✇
✇
✇
✇
✇
✇
✇
✇
π // H
δ̂x
ZZ
In the special cases of Theorem C and Theorem D, we are able to prove that
F (Z)/N is invariantly finitely L-presented and so is the subgroup H . The normal
subgroup N will be generated, as a normal subgroup, by the iterated relations that
Proposition 3.11 adds when modifying the substitutions of the L-presentation in
Lemma 5.3. These relations were omitted in [4]. It is not clear whether or not these
relations are necessary to define the subgroup H .
In the remainder of this section, we generalize the constructions from [4] to ob-
tain the commutative diagram above. The generating set X = {a1, . . . , am, s1, . . . , sn}
of the finitely presented group G yields that the generators Z = {a1, . . . , am} are
Schreier generators of H . Hence, there exists a natural embedding χ:F (Z)→ F (Y)
which is induced by embedding the generators Z into Y. It suffices to remove the
Schreier generators Y \Z from the invariant L-presentation in Lemma 5.3. Since H
is generated by Z = {a1, . . . , am}, every y ∈ Y can be represented, as an element
of H , by a word over Z. This yields an epimorphism γ:F (Y)→ F (Z) which maps
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every y ∈ Y to a word yγ ∈ F (Z) over the alphabet Z that represents the same
element in H ; i.e., we have
{y−1yγχ | y ∈ Y \ Z} ⊆ ker(π), (10)
where π:F (Y) → H denotes the free presentation from Lemma 5.3. Note that
Eq. (10) yields that ι = χπ defines an epimorphism ι:F (Z)→ H with γι = π. The
following lemma generalizes [4, Lemma 4].
Lemma 5.4 If H ∼= 〈Y | S〉 and γ:F (Y)→ F (Z) is an epimorphism so that
F (Z)
ι

F (Y)
γ
;;
✇
✇
✇
✇
✇
✇
✇
✇
✇
π
// H
commutes, 〈Z | Sγ〉 is a presentation for H.
Proof. Since π = γι is onto, it suffices to prove that ker(ι) = 〈Sγ〉F (Z) holds. For
r ∈ S, we have that rγι = rπ = 1 and so rγ ∈ ker(ι). Thus 〈Sγ〉F (Z) ⊆ ker(ι).
If g ∈ ker(ι) holds, there exists h ∈ F (Y) with hγ = g as γ is surjective. Then
hπ = hγι = gι = 1 and h ∈ ker(π) = 〈S〉F (Z). Thus g = hγ ∈ 〈Sγ〉F (Z). ✷
Thus, by Lemma 5.3 and Lemma 5.4, the subgroup H has a presentation of the
form
H =
〈
Z
∣∣ {(rτσ)γ | r ∈ R, σ ∈ Φ∗}〉
where Φ = {δx | x ∈ S} and τ denotes the Reidemeister rewriting. This presentation
can be considered as a finite L-presentation if, for each σ ∈ Φ, there exists an
endomorphism σ˜ ∈ End(F (Z)) with σγ = γσ˜. The following lemma yields the
existence of such endomorphisms σ˜ ∈ End(F (Z)):
Lemma 5.5 For groups L and M , an epimorphism π:L → M , and an endo-
morphism δ ∈ End(L), there exists a (unique) endomorphism ∆ ∈ End(M) with
δπ = π∆ if and only if ker(π)δ ⊆ ker(π) holds.
Proof. The proof is straightforward. ✷
Therefore, if the kernel ker(γ) is σ-invariant, for each σ ∈ Φ, the subgroup H would
be invariantly finitely L-presented by 〈Z | ∅ | {δ˜x | δx ∈ Φ} | Rτγ〉. In general,
though, we cannot assume that each σ ∈ Φ leaves the kernel ker(γ) invariant. If we
consider the natural embedding χ:F (Z)→ F (Y) that is induced by embedding the
generators Z into Y, the kernel ker(γ) satisfies
Lemma 5.6 If χ:F (Z) → F (Y) is an embedding with γχ|Z = idZ , then χγ =
idF (Z) and ker(γ) = 〈{y
−1yγχ | y ∈ Y \ Z}〉F (Y) hold.
Proof. Since γχ|Z = idZ holds, the map γχ induces the identity on the free sub-
group E = 〈Z〉 ≤ F (Y). For g ∈ F (Z), we have gχ ∈ E and gχγχ = gχ. Thus
(g−1gχγ)χ = 1 and, as χ is injective, we have g−1gχγ = 1 or
χγ = idF (Z). (11)
For each y ∈ Y \ Z, we have that (y−1yγχ)γ = y−γyγχγ = y−γyγ = 1. Therefore
N = 〈{y−1yγχ | y ∈ Y \ Z}〉F (Y) satisfies that N ⊆ ker(γ). Let g ∈ ker(γ) be
given. Then g ∈ F (Y) is represented by a finite word w(yi1 , . . . , yin , a1, . . . , am)
with {yi1 , . . . , yin} ⊆ Y \ Z. Modulo the normal subgroup N , we can replace every
occurrence of y ∈ Y \ Z by yγχ ∈ E; i.e., we have g = w(yi1 , . . . , yin , a1, . . . , am) =
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w(yγχi1 , . . . , y
γχ
in
, a1, . . . , am) · h for some h ∈ N . As g ∈ ker(γ) and h ∈ N ⊆ ker(γ)
hold, we have
1 = gγχ = w(yγχγχi1 , . . . , y
γχγχ
in
, aγχ1 , . . . , a
γχ
m ) · h
γχ = w(yγχi1 , . . . , y
γχ
in
, a1, . . . , am) · 1.
Similarly, modulo the normal subgroupN , we can replace every occurrence of yγχ by
y. There exists k ∈ N with 1 = w(yγχi1 , . . . , y
γχ
in
, a1, . . . , am) = w(yi1 , . . . , yin , a1, . . . , am)·k =
g · k. Thus g ∈ N and N = ker(γ). ✷
Even though δx ∈ Φ may not translate directly to δ˜x ∈ End(F (Z)), there exists a
normal subgroup N ✂F (Z) and a homomorphism ψ:F (Z)→ F (Z)/N, g 7→ gN so
that ker(γψ)δx ⊆ ker(γψ) holds: For each δx ∈ Φ, define δ˜x = χδxγ ∈ End(F (Z)).
Consider the normal subgroup
N =
〈 ⋃
σ∈Φ˜∗
({
(y−1yγχ)δxγ
}
y∈Y\Z,x∈S
)σ〉F (Z)
(12)
where Φ˜ = {δ˜x | δx ∈ Φ}. By construction, N satisfies N δ˜x ⊆ N and thus there
exists a unique endomorphism δ¯x:F (Z)/N → F (Z)/N, gN 7→ gδ˜xN with δ˜xψ =
ψδ¯x. The normal subgroup N allows us to translate δx ∈ Φ to δ¯x ∈ End(F (Z)/N)
with δxγψ = γψδ¯x:
Lemma 5.7 For each x ∈ S, we have that ker(γψ)δx ⊆ ker(γψ).
Proof. The kernel ker(γψ) = ker(γ)Nγ
−1
satisfies that
ker(γψ) =
〈{
y−1yγχ
}
y∈Y\Z
∪
⋃
σ˜∈Φ∗
{
(y−1yγχ)δzγσ˜χ
}
y∈Y\Z
z∈S
〉F (Y)
.
The generator (y−1yγχ)δzγσ˜χ is mapped by δxγ to (y
−1yγχ)δzγσ˜χδxγ = (y−1yγχ)δzγσ˜δ˜x ∈
N while y−1yγχ is mapped to (y−1yγχ)δxγ ∈ N . ✷
The endomorphisms δx ∈ End(F (Y)), δ˜x ∈ End(F (Z)), and δ¯x ∈ End(F (Z)/N)
also satisfy that
δ˜xψ = χδxγψ = χγψδ¯x = ψδ¯x. (13)
Since the L-presentation in Lemma 5.3 is invariant, there exists δ̂x ∈ End(H) with
δxπ = πδ̂x. The subgroup H is a homomorphic image of F (Z)/N :
Lemma 5.8 Let ι:F (Z)→ H, g 7→ gχπ be given. Then γι = π and N ≤ ker(ι).
Proof. The first assertion follows from the definition of γ in Eq. (10) above. For
δx ∈ Φ, we have δ˜xι = χδxγι = χδxπ = χπδ̂x = ιδ̂x and γχπ = γι = π. Thus
(y−1yγχ)π = y−πyγχπ = y−πyπ = 1. For σ˜ ∈ Φ˜∗ with σ˜ = δ˜x1 · · · δ˜xn we therefore
obtain
δxγσ˜ι = δxγδ˜x1 · · · δ˜xnι = δxγιδ̂x1 · · · δ̂xn = δxπδ̂x1 · · · δ̂xn = πδ̂xδ̂x1 · · · δ̂xn .
Hence, for each σ˜ ∈ Φ∗, y ∈ Y \ Z, and x ∈ X , the generator (y−1yγχ)δxγσ˜ ∈
N satisfies (y−1yγχ)δxγσ˜ι = (y−1yγχ)πδ̂x δ̂x1 ···δ̂xn = 1 as y−1yγχ ∈ ker(π) holds.
Therefore N ⊆ ker(ι) holds. ✷
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By Lemma 5.8, the homomorphism ϕ:F (Z)/N → H, gN 7→ gι is well-defined and
it satisfies that ψϕ = ι. We have obtained the following diagram:
F (Z)
χww
δ˜x

ι=χπ

ψ // F (Z)/N
δ¯x

ϕ
zztt
t
t
t
t
t
t
t
t
F (Y)
γ
77
δx
WW π
// H
δ̂x
ZZ
By construction, F (Z)/N is invariantly L-presented by
F (Z)/N ∼= 〈Z | ∅ | {δ˜x}δx∈Φ | {(y
−1yγχ)δxγ}y∈Y\Z,δx∈Φ〉.
If [G : H ] = ∞ holds, |Y \ Z| is infinite. Therefore, the latter L-presentation is
finite if and only if [G : H ] is finite. Our strategy in the proof of Theorem C uses
the following
Lemma 5.9 If there exists a finite set U ⊆ F (Z) with F (Z)/N ∼= 〈Z | ∅ | Φ˜ | U〉,
then H is invariantly finitely L-presented.
Proof. The kernel of ϕ:F (Z)/N → H is generated by the images rτσγψ = rτγψσ¯
with σ ∈ Φ∗ and r ∈ R. If 〈Z | ∅ | Φ˜ | U〉 is an invariant finite L-presentation for
F (Z)/N , then H is invariantly finitely L-presented by 〈Z | ∅ | Φ˜ | U ∪ Rτγ〉. ✷
5.2 Proofs of Theorem C and Theorem D
In this section, we prove Theorem C and Theorem D:
Proof of Theorem C. Our strategy in the proof of Theorem C is to construct a
normal subgroup N ✂ F (Z) and to prove that F (Z)/N is invariantly finitely L-
presented. Then Lemma 5.9 applies and it shows that H ≤ G is invariantly finitely
L-presented.
Since G is finitely presented, G/H is finitely generated. Moreover, as G splits
over H , there exists s1, . . . , sn ∈ G so that G/H = 〈s1H, . . . , snH〉 and S =
〈s1, . . . , sn〉 satisfies that S ∩ H = {1}; i.e., G ∼= H ⋊ S holds. Because H is
finitely generated, there exist a1, . . . , am ∈ H so that H = 〈a1, . . . , am〉 holds.
Then G = 〈a1, . . . , am, s1, . . . , sn〉 holds and there exists a finite set of relations
R with G ∼= 〈 {a1, . . . , am, s1, . . . , sn} | R 〉. Write S = {s
±1
1 , . . . , s
±1
n } and X =
{a1, . . . , am, s1, . . . , sn}. Clearly, we can choose a Schreier transversal T ⊆ S∗
whose elements are words over the alphabet S. This yields the Schreier generators
aℓ,t = γ(t, aℓ) = taℓ(taℓ)
−1 = taℓt
−1,
sℓ,t = γ(t, sℓ) = tsℓ(tsℓ)
−1,
with t ∈ T . Then {sℓ,t | 1 ≤ ℓ ≤ n, t ∈ T } ⊆ S∗. By Lemma 5.3, the subgroup H
is invariantly L-presented by 〈Y | ∅ | {δs | s ∈ S} | Rτ 〉 where
Y = {aℓ,t | t ∈ T , 1 ≤ ℓ ≤ m} ∪ {sℓ,t 6= 1 | t ∈ T , 1 ≤ ℓ ≤ n}
and δs denotes the endomorphism of F (Y) that is induced by conjugation with
s ∈ S. Write S = 〈s1, . . . , sn〉 ≤ F (X ) and E = 〈a1, . . . , am〉 ≤ F (X ). Let
K ✂ F (X ) be the kernel of G’s free presentation F (X ) → G. Then EK = 〈Y〉 and
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S ∩ EK = 〈sℓ,t 6= 1 | 1 ≤ ℓ ≤ n, t ∈ T 〉 are freely generated. For each s ∈ S, the
subgroup S∩EK is δs-invariant since S∩EK✂S holds. Because G splits overH , we
have S ∩H = {1}. Thus the generators sℓ,t ∈ S ∩EK are contained in the kernel of
the free presentation π:F (Y) → H which is given by H ’s invariant L-presentation
above. Define Z = {a1, . . . , am} and an embedding
χ:F (Z)→ F (Y), aℓ 7→ aℓ,1
where 1 ∈ T denotes the trivial element in the Schreier transversal T . For s ∈ S
and aℓ ∈ Z, we choose a representative a
χδsγ
ℓ ∈ F (Z) with
a−χδsℓ (a
χδsγ
ℓ )
χ ∈ ker(π). (14)
For s ∈ S, let δ˜s ∈ F (Z) be induced by the map aℓ 7→ a
χδsγ
ℓ and define ι:F (Z)→ H
by ι = χπ. Then Eq. (14) yields that δ˜sι = ιδ̂s. In the following, we write δ˜t =
δ˜x1 · · · δ˜xn if t = x1 · · ·xn ∈ S
∗ and each xi ∈ S. Moreover, we write X for x−1 and
T for t−1. This yields that aδTℓ,1 = taℓT = aℓ,t. Let γ:F (Y) → F (Z) be induced by
the map
γ:
{
aℓ,t 7→ a
δ˜T
ℓ , for each 1 ≤ ℓ ≤ m and t ∈ T ,
sℓ,t 7→ 1, for each 1 ≤ ℓ ≤ n and t ∈ T .
For each 1 ≤ ℓ ≤ m, 1 ≤ k ≤ n, and t ∈ T , this yields
(aℓ,t)
γι = aδ˜T ιℓ = a
ιδ̂T
ℓ = a
χπδ̂T
ℓ = a
δTπ
ℓ,1 = a
π
ℓ,t and (sk,t)
γι = 1ι = 1 = (sk,t)
π.
Thus γι = π. Define the normal subgroup
N =
〈 ⋃
σ˜∈Φ˜∗
({
(y−1yγχ)δsγ
}
y∈Y\Z,s∈S
)σ˜〉F (Y)
where Φ˜ = {δ˜s | s ∈ S}. For t ∈ T and s ∈ S, we have that
(s−1ℓ,t s
γχ
ℓ,t )
δsγ = s−δsγℓ,t (s
γ
ℓ,t)
δ˜s = 1
as the subgroup S∩EK = 〈sℓ,t | t ∈ T , 1 ≤ ℓ ≤ n〉 is δs-invariant and it is contained
in the kernel of γ. This yields that
N =
〈 ⋃
σ˜∈Φ˜∗
({
(a−1ℓ,t a
γχ
ℓ,t )
δsγ
}
1≤ℓ≤m,t∈T \{1},s∈S
)σ˜〉F (Z)
.
For t ∈ T and x ∈ S with xt ∈ T , we also have that
(a−1ℓ,t a
γχ
ℓ,t )
δXγ = a−δXγℓ,t a
γδ˜X
ℓ,t = a
−γ
ℓ,xt a
γδ˜X
ℓ,t = a
−δ˜TX
ℓ a
δ˜T δ˜X
ℓ = 1.
It therefore suffices to consider the generators (a−1ℓ,t a
γχ
ℓ,t )
δXγ ∈ N with 1 ≤ ℓ ≤ m,
t ∈ T , and x ∈ S but xt 6∈ T . Since G/H ∼= S/S ∩EK is a finitely presented group,
there exists a finite monoid presentation
S/S ∩ EK ∼= 〈 S | (U1, V1), . . . , (Up, Vp) 〉.
The monoid congruence ∼ induced by this presentation is the reflexive, symmetric,
and transitive closure of the binary relation ∼ that is defined by x ∼ y if there exist
A,B ∈ S∗ and 1 ≤ i ≤ p so that x = AUiB and y = AViB hold. Define
M =
〈 ⋃
σ˜∈Φ˜∗
({
(a
−δ˜Ui
ℓ a
δ˜Vi
ℓ )
}
1≤ℓ≤m,1≤i≤p
)σ˜〉F (Z)
.
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Suppose that u ∼ v holds. Then there exist Ai, Bi, Li ∈ S∗ so that u = L1 ∼
. . . ∼ Lq = v with Li = AiUℓiBi and Li+1 = AiVℓiBi (or Li = AiVℓiBi and
Li+1 = AiUℓiBi). Note that
a
δ˜Ai δ˜Uℓi
δ˜Bi
ℓ = (a
δ˜Ai
ℓ )
δ˜Uℓi
δ˜Bi = wℓ(a1, . . . , am)
δ˜Uℓi
δ˜Bi = wℓ(a
δ˜Uℓi
1 , . . . , a
δ˜Uℓi
m )
δ˜Bi
for some word wℓ(a1, . . . , am) = a
δ˜Ai
ℓ ∈ F (Z). The normal subgroup M yields that
(a
δ˜Ai
ℓ )
δ˜Uℓi = wℓ(a
δ˜Uℓi
1 , . . . , a
δ˜Uℓi
m ) = wℓ(a
δ˜Vℓi
1 , . . . , a
δ˜Vℓi
m ) · h = a
δ˜Ai δ˜Vℓi
ℓ · h
for some h ∈M . By construction, M is Φ˜∗-invariant and thus
a
−δ˜Ai δ˜Vℓi
δ˜Bi
ℓ a
δ˜Ai δ˜Uℓi
δ˜Bi
ℓ = h
δ˜Bi ∈M.
This shows that, if u ∼ v holds, we have a−δ˜uℓ a
δ˜v
ℓ ∈ M . Suppose that, for t ∈ T
and x ∈ S, xt 6∈ T holds. Then there exists u = xt ∈ T with u ∼ xt. Write U for
u−1. Since S ∩ EK ✂ S holds, there exists h ∈ S ∩ EK ⊆ ker(γ) so that xt = hu.
This yields that aδXℓ,t = xt aℓ TX = hu aℓ Uh
−1 = h aℓ,u h
−1 and aδXγℓ,t = a
γ
ℓ,u = a
δ˜U
ℓ .
Since u ∼ xt and U ∼ TX hold, we obtain
(a−1ℓ,t a
γχ
ℓ,t )
δXγ = a−γℓ,ua
δ˜T δ˜X
ℓ = a
−δ˜U
ℓ a
δ˜T δ˜X
ℓ ∈M.
Thus N ⊆ M . It suffices to show that M ⊆ N holds. Since M and N are
both normal subgroups of F (Z) and both are Φ˜∗-invariant, it suffices to prove
that a
−δ˜Ui
ℓ a
δ˜Vi
ℓ ∈ N = ker(ψ) holds. Since δ˜sψ = ψδ¯s and χγ = idF (Z) hold, we
have that
(a
−δ˜Ui
ℓ a
δ˜Vi
ℓ )
ψ = a
−ψδ¯Ui
ℓ a
ψδ¯Vi
ℓ = a
−χγψδ¯Ui
ℓ a
χγψδ¯Vi
ℓ = a
−γψδ¯Ui
ℓ,1 a
γψδ¯Vi
ℓ,1
= a
−δUiγψ
ℓ,1 a
δViγψ
ℓ,1 = (a
−δUi
ℓ,1 a
δVi
ℓ,1 )
γψ.
As S∩EK✂S and T ⊆ S hold, there exist h ∈ S∩EK = 〈sℓ,t | 1 ≤ ℓ ≤ n, t ∈ T 〉 and
t = U−1i ∈ T with U
−1
i = ht. Thus a
δUi
ℓ,1 = U
−1
i aℓUi = h taℓt
−1h−1 = h aℓ,t h
−1.
Since h ∈ ker(γ) holds, we obtain (a
δUi
ℓ,1 )
γ = aγℓ,t. Since Ui ∼ Vi holds, we also have
that V −1i = t. Similarly, we obtain (a
δVi
ℓ,1 )
γ = aγℓ,t. Thus a
−δUi
ℓ,1 a
δVi
ℓ,1 ∈ ker(γ) and so
(a
−δ˜Ui
ℓ a
δ˜Vi
ℓ )
ψ = 1 or a
−δ˜Ui
ℓ a
δ˜Vi
ℓ ∈ N . Thus M = N . This shows that that factor
group F (Z)/N is invariantly finitely L-presented and so is our subgroup H . ✷
Even if G/H is free, the finite L-presentation of F (Z)/N in the proof of Theorem C
contains the relations of a monoid presentation of the free group. It is not clear
whether or not these relations can be omitted as was done in [4]. However, the result
in [4] is a consequence of Theorem C even if these relations are not redundant:
Theorem 5.10 (Benli [4]) Every finitely generated normal subgroup of a finitely
presented group is invariantly finitely L-presented if the quotient is infinite cyclic.
Proof. Since the quotient is free, the finitely presented group splits over its finitely
generated normal subgroup and thus, by Theorem C, the subgroup is invariantly
finitely L-presented. ✷
Even if the finitely presented group does not split over its finitely generated sub-
group, the subgroup is possibly invariantly finitely L-presented:
Theorem 5.11 Every finitely generated normal subgroup of a finitely presented
group is invariantly finitely L-presented if the quotient is free abelian with rank two.
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Proof. Let G be a finitely presented group and let H ✂ G be finitely generated
so that G/H ∼= Z × Z holds. By Lemma 5.9, it suffices to construct a factor
group F (Z)/N which is invariantly finitely L-presented. Since G/H ∼= Z × Z
holds, there exists t, u ∈ G so that G/H = 〈tH, uH〉 holds. Moreover, as H is
finitely generated, there exist a1, . . . , am ∈ H so that H = 〈a1, . . . , am〉 holds.
Then G = 〈a1, . . . , am, t, u〉 holds and there exists a finite set of relations R with
G ∼= 〈 {a1, . . . , am, t, u} | R 〉. We choose as Schreier transversal T = {tiuj | i, j ∈
Z}. Then, by Lemma 5.3, the subgroup H is invariantly L-presented by 〈Y | ∅ |
{δu, δU , δt, δT } | Rτ 〉 where δx denotes the endomorphism of the free group F (Y)
that is induced by conjugation with x ∈ {u, U = u−1, t, T = t−1}, τ denotes the
Reidemeister rewriting, and Y = {aℓ,i,j, tl,k | i, j, k, l ∈ Z, k 6= 0} are the following
Schreier generators:
aℓ,i,j = γ(t
iuj , aℓ) = t
iujaℓu
−jt−i,
ti,j = γ(t
iuj , t) = tiujtu−jt−1t−i,
ui,j = γ(t
iuj , u) = tiujuu−ju−1t−i.
Note that ti,j = 1 if and only if j = 0 while ui,j = 1 for each i, j ∈ Z. The
endomorphisms δt and δT are induced by the maps
δt:
{
aℓ,i,j 7→ aℓ,i−1,j ,
ti,j 7→ ti−1,j ,
and δT :
{
aℓ,i,j 7→ aℓ,i+1,j ,
ti,j 7→ ti+1,j ,
for each i, j ∈ Z; while δu and δU are induced by the maps
δu:


aℓ,i,j 7→ (aℓ,i,j−1)
t−1i−1,−1···t
−1
0,−1 , i ≥ 0, j ∈ Z,
aℓ,−i,j 7→ (aℓ,−i,j−1)
t−i,−1···t−1,−1 , i ≥ 0, j ∈ Z,
ti,j 7→ (ti,j−1 t
−1
i,−1)
t−1i−1,−1···t
−1
0,−1 , i ≥ 0, j ∈ Z,
t−i,j 7→ (t−i,j−1 t
−1
−i,−1)
t−i,−1···t−1,−1 , i ≥ 0, j ∈ Z,
and
δU :


aℓ,i,j 7→ (aℓ,i,j+1)
t−1i−1,1···t
−1
0,1 , i ≥ 0, j ∈ Z,
aℓ,−i,j 7→ (aℓ,−i,j+1)t−i,1···t−1,1 , i ≥ 0, j ∈ Z,
ti,j 7→ (ti,j+1 t
−1
i,1 )
t−1i−1,1···t
−1
0,1 , i ≥ 0, j ∈ Z,
t−i,j 7→ (t−i,j+1 t
−1
−i,1)
t−i,1···t−1,1 , i ≥ 0, j ∈ Z.
We will construct an invariant finite L-presentation for the subgroup H with gen-
erators Z = {a1, . . . , am} ∪ {t1}. Define an embedding χ:F (Z) → F (Y) that is
induced by the map
χ:
{
aℓ 7→ aℓ,0,0, for each 1 ≤ ℓ ≤ m
t1 7→ t0,1.
Write Φ = {δt, δT , δu, δU}. For y ∈ Z and δ ∈ Φ, choose yχδγ ∈ F (Z) with
y−χδ(yχδγ)χ ∈ ker(π). (15)
Define ι:F (Z)→ H by ι = χπ where π denotes the free presentation π:F (Y)→ H
that is given by H ’s invariant L-presentation above. For each δ ∈ Φ, define an
endomorphism δ˜:F (Z) → F (Z) that is induced by the map y 7→ yχδγ . Then, for
each δ ∈ Φ and y ∈ Z, we obtain
yιδ̂ = yχπδ̂ = yχδπ = (yχδ)π = (yχδγχ)π = (yχδγ)χπ = yδ˜ι
and thus δ˜ι = γδ̂. Write X = {a1, . . . , am, t, u} and consider the following sub-
groups of the free group F (X ): Let E = 〈a1, . . . , am〉 and S = 〈t, u〉 be finitely
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generated subgroups of F (X ). Furthermore, let K ✂ F (X ) be the kernel of G’s
free presentation. Then G ∼= F (X )/K and H ∼= EK/K. Moreover, the normal
subgroup EK ✂ F (X ) is supplemented by the finitely generated free group S; i.e.,
F (X ) = S EK holds. Thus G/H ∼= F (X )/EK ∼= S/S ∩ EK. Since G/H is finitely
presented, the free subgroup S ∩ EK is finitely generated as a normal subgroup.
The Schreier generators Y yield that the subgroups
EK = 〈Y〉 and S ∩ EK = 〈ti,j | i, j ∈ Z, j 6= 0〉
are freely generated. Moreover, we have that
S ∩ EK = 〈ti,j+1t
−1
i,j | i, j ∈ Z〉
= 〈. . . ti,−2t
−1
i,−3, ti,−1t
−1
i,−2, t
−1
i,−1, ti,1, ti,2t
−1
i,1 , ti,3t
−1
i,2 , . . . | i ∈ Z〉.
The latter subgroup is freely generated as the homomorphism ψ that is induced by
the map
ψ:S ∩ EK → S ∩EK,


ti,j 7→ ti,j+1t
−1
i,j , j < −1
ti,−1 7→ t
−1
i,−1,
ti,1 7→ ti,1
ti,j 7→ ti,jt
−1
i,j−1, j > 1
is an automorphism of S ∩ EK whose inverse is induced by the map
ψ−1:S ∩ EK → S ∩ EK,


ti,j 7→ t
−1
i,j t
−1
i,j+1 · · · t
−1
i,−1, j < −1
ti,−1 7→ t
−1
i,−1,
ti,1 7→ ti,1
ti,j 7→ ti,jti,j−1 · · · ti,1, j > 1.
Note that we have
ti,j+1t
−1
i,j = t
iuj+1tu−j−1t−1t−i · (tiujtu−jt−1t−i)−1 = (t0,1)
uj ti .
In fact, every element in S ∩ EK has a unique representation as a word in the
basis {tiuj · t0,1 · u−jt−i | i, j ∈ Z} where t0,1 = utUT is a normal generator of
S ∩ EK = 〈t0,1〉S . More precisely, for i ≥ 0 and j > 0, we have the following
representatives in free subgroup S ∩ EK ≤ F (Y):
ti,j =
(
t
δ
j−1
U
0,1 · t
δ
j−2
U
0,1 · · · t0,1
)δiT
t−i,j =
(
t
δ
j−1
U
0,1 · t
δ
j−2
U
0,1 · · · t0,1
)δit and ti,−j =
(
t
−δju
0,1 · t
−δj−1u
0,1 · · · t
−δu
0,1
)δiT
t−i,−j =
(
t
−δju
0,1 · t
−δj−1u
0,1 · · · t
−δu
0,1
)δit
.
The Schreier generators aℓ,i,j are conjugates of the generators aℓ,0,0 so that
aℓ,i,j = (aℓ,0,0)
δ
j
U
δiT
aℓ,−i,j = (aℓ,0,0)
δ
j
Uδ
i
t
and
aℓ,i,−j = (aℓ,0,0)
δjuδ
i
T
aℓ,−i,−j = (aℓ,0,0)
δjuδ
i
t .
In particular, we can choose the following basis Ŷ for the free subgroup EK:
Ŷ =
{
(aℓ,0,0)
δ
j
Uδ
i
T , . . . (aℓ,0,0)
δjuδ
i
t , (t0,1)
δ
j
U δ
i
T , . . . , (t0,1)
δjuδ
i
t
}
i,j≥0
.
Define γ:F (Ŷ)→ F (Z) to be induced by the map
γ:


(aℓ,0,0)
δ
j
Uδ
i
T 7→ (aℓ)δ˜
j
U δ˜
i
T ,
(aℓ,0,0)
δ
j
U
δit 7→ (aℓ)δ˜
j
U
δ˜it ,
(aℓ,0,0)
δjuδ
i
T 7→ (aℓ)δ˜
j
uδ˜
i
T ,
(aℓ,0,0)
δjuδ
i
t 7→ (aℓ)δ˜
j
uδ˜
i
t ,
and γ:


(t0,1)
δ
j
U δ
i
T 7→ (t1)δ˜
j
U δ˜
i
T
(t0,1)
δ
j
U
δit 7→ (t1)δ˜
j
U
δ˜it
(t0,1)
δjuδ
i
T 7→ (t1)δ˜
j
uδ˜
i
T
(t0,1)
δjuδ
i
t 7→ (t1)δ˜
j
uδ˜
i
t ,
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where i, j ≥ 0. Then γ acts on the Schreier generators Y as follows:
γ:


aℓ,i,j 7→ (aℓ)δ˜
j
U δ˜
i
T ,
aℓ,−i,j 7→ (aℓ)δ˜
j
U
δ˜it ,
aℓ,i,−j 7→ (aℓ)
δ˜ju δ˜
i
T ,
aℓ,−i,−j 7→ (aℓ)δ˜
j
u δ˜
i
t ,
and γ:


ti,j 7→ (t
δ˜
j−1
U
1 · · · t1)
δ˜iT ,
t−i,j 7→ (t
δ˜
j−1
U
1 · · · t1)
δ˜it ,
ti,−j 7→ (t
−δ˜ju
1 · · · t
−δ˜u
1 )
δ˜iT ,
t−i,−j 7→ (t
−δ˜ju
1 · · · t
−δ˜u
1 )
δ˜it ,
where i ≥ 0 and j > 0. For i ≥ 0 and j > 0, the element ti,j ∈ Y is mapped by γι
to
tγιi,j = (t
δ˜
j−1
U
1 · · · t1)
δ˜iT ι = (t
δ˜
j−1
U
δ˜iT
1 · · · t
δ˜iT
1 )
ι = t
ιδ̂
j−1
U
δ̂iT
1 · · · t
ιδ̂iT
1
= (t
χπδ̂
j−1
U
δ̂iT
1 · · · t
χπδ̂iT
1 ) = (t
δ
j−1
U
δiT
0,1 · · · t
δiT
0,1)
π = (ti,j)
π
because δ˜ι = ιδ̂ holds. Similarly, we obtain that aγιℓ,i,j = a
π
ℓ,i,j holds. Thus γι = π.
Define the normal subgroup
N =
〈 ⋃
σ∈Φ˜∗
({
(y−1yγχ)δγ
}
y∈Y\Z,δ∈Φ
)σ〉F (Z)
.
We prove that F (Z)/N is invariantly finitely L-presented so that Lemma 5.9 applies.
For i ≥ 0 and j > 0, it holds that
(t−1i,j t
γχ
i,j )
δT γ = t−γi+1,jt
γδ˜T
i,j = (t
δ˜
j−1
U
1 · · · t1)
−δ˜i+1
T (t
δ˜
j−1
U
1 · · · t1)
δ˜iT δ˜T = 1,
(t−1−i,jt
γχ
−i,j)
δtγ = t−γ−i−1,jt
γδ˜t
−i,j = (t
δ˜
j−1
U
1 · · · t1)
−δ˜i+1t (t
δ˜
j−1
U
1 · · · t1)
δ˜it δ˜t = 1,
(t−1i,−jt
γχ
i,−j)
δT γ = t−γi+1,−jt
γδ˜T
i,−j = (t
−δ˜ju
1 · · · t
−δ˜u
1 )
−δ˜i+1
T (t
−δ˜ju
1 · · · t
−δ˜u
1 )
δ˜iT δ˜T = 1,
(t−1−i,−jt
γχ
−i,−j)
δtγ = t−γ−i−1,−jt
γδ˜t
−i,−j = (t
−δ˜ju
1 · · · t
−δ˜u
1 )
−δ˜i+1t (t
−δ˜ju
1 · · · t
−δ˜u
1 )
δ˜it δ˜t = 1.
For i = 0, we also have that
(t−10,j t
γχ
0,j)
δUγ = (t0,j+1 t
−1
0,1)
−γtγδ˜U0,j = (t
δ˜
j
U
1 · · · t
δ˜U
1 · t1 · t
−1
1 )
−1(t
δ˜
j−1
U
1 · · · t1)
δ˜U = 1,
(t−10,−jt
γχ
0,−j)
δuγ = (t0,−j−1 t
−1
0,−1)
−γtγδ˜u0,−j = (t
−δ˜j+1u
1 · · · t
−δ˜u
1 · t
δ˜u
1 )
−1(t
−δ˜ju
1 · · · t
δ˜u
1 )
δ˜u = 1.
However, we also need to consider the image tδUi,j = t
δiT δU
0,1 with i > 0. Notice that in
the finitely presented monoid S/S ∩ EK the following holds:
TU = UT · tuTU = UT · (utUT )−1 = UT · t−10,1,
T u = uT · tUTu = uT · (utUT )δu = uT · tδu0,1,
tU = U · (utUT ) · t = U · t0,1 · t = Ut · t
δt
0,1,
tu = u · (UtuT ) · t = u · t0,−1 · t = ut · t
−δuδt
0,1 .
Denote by ∆(x):F (Y) → F (Y), g 7→ x−1gx the inner automorphism of F (Y) that
is induced by conjugation with x ∈ F (Y). Then δ ∈ Φ = {δu, δU , δt, δT } satisfy
δT δU = δUδT ·∆(t
−1
0,1),
δT δu = δuδT ·∆(t
δu
0,1),
and
δtδU = δUδt ·∆(t
δt
0,1),
δtδu = δuδt ·∆(t
−δuδt
0,1 ).
We prove that F (Z)/N is invariantly finitely L-presented by 〈{a1, . . . , am, t1} | ∅ |
Φ˜ | V〉 where the iterated relations in V are given by
V =
{
y−1yδ˜tδ˜T , . . . , y−1yδ˜U δ˜u , y−δ˜T δ˜U yδ˜U δ˜T∆(t
−1
1
), . . . , y−δ˜t δ˜uyδ˜uδ˜t∆(t
−δ˜uδ˜t
1
)
}
y∈Z
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that is, we prove that M = 〈
⋃
σ˜∈Φ˜ V
σ˜〉F (Z) and N coincide. We first note that
N ∋ (t−11,1 t
γχ
1,1)
δUγ = t−δUγ1,1 t
γδ˜U
1,1 = t
−δT δUγ
0,1 t
δ˜T δ˜U
1 = t
−δUδT ·∆(t
−1
0,1)γ
0,1 t
δ˜T δ˜U
1
= t
−δUδT γ·∆(t
−1
1
)
0,1 t
δ˜T δ˜U
1 = t
−δ˜U δ˜T ·∆(t
−1
1
)
1 t
δ˜T δ˜U
1 ∈ V .
Similar computations show that the elements in V appear a among the normal
generators of N . Thus M ⊆ N . On the other hand, for i > 0 and j > 0, we have
that
tδUγi,j = (t
δ
j−1
U
0,1 · · · t0,1)
δiT δUγ
= (t
δ
j−1
U
0,1 · · · t0,1)
δi−1
T
δUδT ·∆(t
−1
0,1)γ
= . . . = (t
δ
j−1
U
0,1 · · · t0,1)
δUδ
i
T ·∆(t
−δ
i−1
T
0,1 )∆(t
−δ
i−2
T
0,1 )···∆(t
−1
0,1)γ
= (t
δ
j−1
U
0,1 · · · t0,1)
δU δ
i
T γ·∆(t
−δ˜
i−1
T
1
)∆(t
−δ˜
i−2
T
1
)···∆(t−1
1
)
= (t
δ
j
U
δiT γ
0,1 · · · t
δUδ
i
T γ
0,1 )
∆(t
−δ˜
i−1
T
1
)∆(t
−δ˜
i−2
T
1
)···∆(t−1
1
)
= (t
δ˜
j−1
U
1 · · · t1)
δ˜U δ˜
i
T ·∆(t
−δ˜
i−1
T
1
)∆(t
−δ˜
i−2
T
1
)···∆(t−1
1
)
= (t
δ˜
j−1
U
1 · · · t1)
δ˜U δ˜T∆(t
−1
1
)δ˜i−1T ·∆(t
−δ˜
i−2
T
1
)···∆(t−1
1
)
≡ (t
δ˜
j−1
U
1 · · · t1)
δ˜T δ˜U δ˜
i−1
T
·∆(t
−δ˜
i−2
T
1
)···∆(t−1
1
) modM
≡ . . . ≡ (t
δ˜
j−1
U
1 · · · t1)
δ˜iT δ˜U modM
and (t
δ˜
j−1
U
1 · · · t1)
δ˜iT δ˜U = (ti,j)
γδ˜U . Thus (t−1i,j t
γχ
i,j )
δUγ ∈M . It follows analogously for
the other normal generators of N that these are contained in M . Thus F (Z)/N is
invariantly finitely L-presented and so is our subgroup H . ✷
By [13, Theorem 6.1], every finite index subgroup H of an invariantly finitely L-
presented group G = 〈X | Q | Φ | R〉 is invariantly finitely L-presented whenever
the substitutions σ ∈ Φ induce endomorphisms of the subgroup H . This allows us
to prove Theorem D using the results in Theorem 5.11 and Theorem 5.10:
Proof of Theorem D. Let G be a finitely presented group and let H ✂ G be a
finitely generated normal subgroup so that G/H is abelian with torsion-free rank at
most two. Since G is finitely generated, G/H is a finitely generated abelian group
and so it decomposes into G/H ∼= Zℓ × T with torsion subgroup T and torsion-free
rank ℓ ≤ 2. Denote by U ≤ G the full preimage of the torsion subgroup T in
G. Then G/U ∼= Zℓ and [U : H ] < ∞ hold. If ℓ = 0 holds, H has finite index
in G and thus it is invariantly finitely L-presented by [13, Theorem 6.1]. If either
ℓ = 1 or ℓ = 2 holds, the subgroup U ✂ G is invariantly finitely L-presented by
Theorem 5.10 or Theorem 5.11. Each substitution in the L-presentation of U is
induced by conjugation within the finitely presented group G. Since H is a normal
subgroup of G each substitution of the finite L-presentation of U stabilizes the
subgroup H . Thus [13, Theorem 6.1] applies to the finite index subgroup H ✂ U
and it shows that H is invariantly finitely L-presented. ✷
In the proof of Theorem 5.11, it is essential that the elements g ∈ S ∩ EK have a
unique representation in the basis {tisj · t0,1 · s−jt−i | i, j ∈ Z}. This allows us to
define the epimorphism γ:F (Y) → F (Z) so that it maps conjugates by elements
of the Schreier transversal to images of automorphisms which are induced by con-
jugation with a Schreier transversal. Since S/S ∩ EK is finitely presented, we can
always choose finitely many Schreier generatorsW ⊆ Y so that S∩EK is generated,
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as a normal subgroup, by W . In our proof of Theorem 5.11 the conjugates of these
elements inW by elements of the Schreier transversal from a basis for the subgroup
S ∩ EK. This is no longer possible for G/H ∼= Z× Z× Z:
Remark 5.12 Consider the notation from the proof of Theorem 5.11. For G/H ∼=
Z×Z×Z, we choose as Schreier transversal T = {risjtk | i, j, k ∈ Z} and we obtain
the Schreier generators:
aℓ,i,j,k = γ(r
isjtk, aℓ) = r
isjtkaℓt
−ks−jr−i,
si,j,k = γ(r
isjtk, s) = risj(tkst−ks−1)s−jr−i,
ri,j,k = γ(r
isjtk, r) = ri(sjtkrt−ks−jr−1)r−i,
ti,j,k = γ(r
isjtk, t) = 1,
where si,j,k = 1 if and only if k = 0 while ri,j,k = 1 if and only if (j, k) = (0, 0).
Then
EK = 〈aℓ,i,j,k, si,j,o, ri,p,q | 1 ≤ ℓ ≤ m, i, j, k, o, p, q ∈ Z, o 6= 0, (p, q) 6= (0, 0)〉
is freely generated and so is
S ∩ EK = 〈si,j,o, ri,p,q | i, j, o, p, q ∈ Z, o 6= 0, (p, q) 6= (0, 0)〉.
Since G/H ∼= S/S ∩ EK ∼= Z× Z× Z is finitely presented, the subgroup S ∩ EK is
finitely generated as a normal subgroup of S. In particular, we have that
S/S ∩ EK = 〈r, s, t | tst−1s−1︸ ︷︷ ︸
=s0,0,1
, trt−1r−1︸ ︷︷ ︸
=r0,0,1
, srs−1r−1︸ ︷︷ ︸
=r0,1,0
〉
so that S ∩ EK = 〈s0,0,1, r0,0,1, r0,1,0〉
S holds. The normal generators of S ∩ EK
satisfy
risjtk · s0,0,1 · t−ks−jr−i = si,j,k+1 · s
−1
i,j,k,
risjtk · r0,0,1 · t−ks−jr−i = ri,j,k+1 · r
−1
i,j,k,
risjtk · r0,1,0 · t−ks−jr−i = si,j,k · ri,j+1,k · s
−1
i+1,j,k · r
−1
i,j,k.
It can be seen easily (e.g. using Gap) that
U = {si,j,k+1 s
−1
i,j,k, ri,j,k+1 r
−1
i,j,k, si,j,k ri,j+1,k s
−1
i+1,j,k r
−1
i,j,k}i,j,k∈Z
is not a basis for S ∩EK. Therefore the ideas in the proof of Theorem 5.11 do not
apply.
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